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Lecture 1 AdiabaticTransport Geometric Phase

1 Ingredients
A smooth manifold M where parameters x ̅ live
Hamiltonian family dependent on x ̅ HCI

At every x ̅ HIT has a discrete spectrum

Vector space spanned by SCI 10,1577 iii im
Want to focus on a subspace R 5 05 I
such that the bands are wellseparated from
RTI J EM R II 1415117 n 1 NEM

NEYII main Eli Enlil Δ

where HITXD ECT 141577 LENH19nA En x ̅ 0nA
We can then work on this subspace by definingthe projection operator

D de
HIM

10nA Kon511

Projectors allow for a simple geometric
formulation of the adiabatic theorem



of

2 Adiabatic Theorem

simple words if system begins close to an eigenstat
it remains close to an eigenstate

Quantitative statement

Uat 1 Plt U t PlotU t

Halt P101U.lt P E

Garnutt 11 0 0 t

where T is the total time of adiabatic evolution

One says that T as is the adiabatic limit

Proof See lecture notes from Prof Miles
Winter 2098 university Ulaterloo

Next we want to find an expression for Ua t

A physical system remains in its instantaneous eigenstate if a given 
perturbation is acting on it slowly enough and if there is a gap between the 
eigenvalue and the rest of the Hamiltonian's spectrum



3 Geometric Evolution

D Uap Uta UaPo that

UaUtahaPoUta UapUtailalta

ValhallaPoUat Uap leathiauta
want u.int

Eilaltta UaP.lt Wallet P

is satisfied by Kaleta P P

Verify Hint Show Lee PPP O

Diff eq Ua D P In dolla

Ua T exp Kiara
Using HE ftp.f we can also write

Wa IEP P Ua

and Ua Pexp 1 i di Wetuic
quantitywhere 8 I t t Eto T



4 Geometric Action on States

Question How does the state behave as it moves
through the manifold

1015 Ua10.07

A Ua100

IEP P 1101577

Using PPP 0

I P P 1101517 FFP PTP101597

FP 10577

F AT 101 1
Of paralleltransport

P 101N 0

States in subspace R x ̅ stay there

AT x ̅ is a Berry connection on a Fibre Bundle



5 Fibre Myundle Language Simple case of UCP

A G bundle is a E H M F G
also called a

fad
pafgegtiontyap.ie rirettiegftpucture

Principal bundle
with FEG

Here F 157 i e vector space at x ̅
At each EM we have U t invariance and
thus a U 9 bundle

equivclass

set of physical states Ix ̅ Egli's gourn
Projection it g x'̅s x ̅
Fix g r s choose a section s M E

satisfying Hos idm

Berry's connection is then

A Anda Qld II d frmIRM

Berry's curvature or field strength is

F da d 1 d x'̅s

9 1 Irma d

Gauge invariant and very important for TI's
A A If but F F

In general we will have U N and a nonA
connection A UCN



BI Example Spin in slowly varying
const m

HIE µ B 4 B E B BLE

EE
B cososing sinosind cost SEM

Adiabaticevolution 2 bands thatdonotcross

subspace of lower band projection from
Plt 1 B4

Pri A I

Berry connection A P P QPD

A O P P ii I
f 124 EjXjoj I
12Ej j 0 Oj
Eija join

Plug this into Ua As UA solve

In terms of E A I P P FED I
Ua EaEija Ii tjola A



We consider an evolution along the equator
8 014,04 112 2 E I te Ead

t count sinant 0

I E 2H sinant cosent O

Up ITA UA

UA t e
into

COSTE isinito

Initial state 141017 belonging to Plo
141017 1 1

Evolved state is

IT47 UA E 141017
COME1 7 is inITE It

The state acquires a T phase through a

closed loop evolution

1410 14617



7 Using a Basis

Now we have math understanding but we want
something useful i e to do physics So we need
to assign a basis to our subspace

Let 101 1 fanriiinr.is
PIA I 1 41 41 11

Parallel transport implied applying

Fann if Amnan O

Amn x ̅ Emi'll In 17 Berry connection in
a basis

Solution to 11 transport am x ̅ ftp.expfdiAJmnanfo
Wmn I an 0

Note W.mn i EmA71Ualn oD
For a closed path W is holonomy

Next lecture we discuss how to write useful
expression for W and a relatedoperator 70
for closed 8 spectrumof W is gauge invariant

Under UIN S N W StaUA IS

So only when I E 0 I Eas



8 Relation between Ua and W

W P X UAP O A transp on R YImpr
WA and W x share same nonzero part of spectrum
EA1Hilt subspR

Now WA PlaMalaP 0 Ua x ProUtahUa t Pro

Hard Pro

W VP P WIN W O Pro

WE and Marx share same diffeq but differentB

W D E Gigo PH P x DX P X 291 Pra Pro

Is PH a

solves the D E w initcand V10 Plo

9 Example Electric Polarization

Consider eigenstates of Bloch Ham Heal in AD

HlaUnea.fr Enka Unfair

Hla Im ptta Ver Virtal Va

Full Eigenst

has for in



Consider a small electric field E AA Eo
A Eot Minimal Coupling

HIGH Im p tarest Ver i fact a get
Taking 1Th feb we can apply adiabatic them

Unlace Wmn It Umbaro

consider average MB position

B 54.19 1 14.7

where Ito ftp.ctea107 and

ctea fdsetnear.cc c

The position operator can be written as

x ̅ Jjdeseduced
can expffdyyctysclyfc.ec

e 2inch oc 15 50

cneaj ftnef.ba e mix l cod

Enter



So 43 It I psThe a 107
Etol IeaEta107
5 11 7

Writing it as a stater determinant we hav

B det EthanTia

detfjdocuntear.de xuniea.raeifea E
e

Anais is Block wave with crystal
momentum k 2 Conservationof
cryst mom la's 19 21

B det Jdbcunit Unria2mn

In the him L as we have

kβ det WEA
Gauge invariant Wilson loop in the BI is
related to the mean center of charge
Further show that P mtogffwpn.seTB e



Lecture 2 ATopological Insulator

0 Recap last lecture

Adiabatic Transport geometric phase

Ingredients Met H X V61 14H17 i i N

561 VA Pf VA SH

Adiabatic evolution operator Uart Pro UHH
PART

geometric U.lt P exp f Andx
A Andy is a connection on a UN bundle

Gauge invariant curvature F dA AnA
Instead of projectors use states

Thelian
pan

Emimn TMI iÉIn

We also defined

Wmn 5mA Ual no holonomy forclosed path

Electric polarization is

P ImlogdetWHA



knowledge assumed

Tight Binding Bloch Theorem

Revision

Schrodinger Eq in Viii Vi yields solus
That i i n stand tie FBI

Bloch them Then it e Unkin Unalite una.li

one can then work out pb 515 17119 HE

Hik Untily EnE Unit it

In the TB approx Unali tuned Uni Unnt

3 The Haldane model 9988

H tE.pe jagEpe city

MIECIC

E NN hopping
it 119 Ei Ap

g NNN hopping amplitude
Haldane phase

M Semenoff mass staggered onsite energy



K
k

Brillouin zone E III d 12
compact manifold

K

Hla EK 1 9
a g

do daid

Note For the actual values of Ñ HW or check Bernevig's
book

two bands given by
E E Evil d d Metreall

with eigenvectors

However it's not
unique Each eigenstate has a UN

symmetry E g for

ii I a i
II e 147 UM invariance

We are interested in the insulating phase so the lower
band is completely filled and forms our occupied
subspace s la

Bail 141 1 54 171



4 Berryology of the Chern Insulator

The Ult Berry connection is

Ñ k if 4 E deal4 E which transforms as

AINT i 54 1 110 14.1197 dead under U 9

I ᵈ de defda Hw
2d d d

The UA gauge invariant Berry curvature is

Fan OpAp doAm

Also

For C didmdjdud.la Hw

et 0pct'xduct

Interpreations in termsof topology
A Consider the map f IT 52 given by

Iran
The Jacobian of this map is 2xthe Berry curvature

JF Area 21TC

C counts nr of times of minds around origin



B Algebraic Topology Differential GeometryPicture

The name Chern comes from the fact that
F is associated to the first Chern dass which
is the 2ⁿᵈ cohomology class over integers

his bit
eans F dA H2 T2 2
s only true
orally It's a topological invariant associated with the

curvature of the connection on the UIM bundle

C Implication presence of a magneticmonopole

F IEXAI.DE B d5
Gauss law for B GB d5 QB
Nonzero F integral implies the presenceof a monopole

fu.pt 15 IN B JdVpm M OE

Monopole of change g inside sphere creates nonzero
divergence

F B go x ̅

5 Physical Implications Quantized Hall conductance

We will show how to relate the Hall conductance of
a 2D system to the integral of the Berry curvature

Oxy ffxdlayfxyllax.by



Given a Hamiltonian with translation sym
Ho Epc hfC.jp i j spatial indices

α β internal indices

Ip hi Cap
It couples to an external field through Peierssubstitution

hip h:P if déA

Under a set of reasonable cipfrai.imiti ns this give

H Ho Egp city a ck.gr
The current operator couples to the external field

Iq Ip claim ca.gr

ie H H Iq Aig

From Linear Response Theory it can be shown that
the linear response of a MB system in the GS is

Jile the fjf.gl Idt'd Rig x x t EAj felt

RijkYE E i E E To ji jj 1 12173107 diag part

we
Ion't care

aboutthis foranWe want to find dig in Ohm's
insulatorlaw

j 19cal iw.org 9 w Ajfla w fA Eriw
Rij l9 w Aj k w



Next steps are lengthy but require
Fluctuation Dissipation theorem

Relates response kernel to the retarded Green's
Function GF

computing imaginary time GF easier then perform
analytic continuation com cot in

Rij 9 Vm Intr10,6119912 in8jGtta912iwnm
Oij19co Rij 9Vm coting

in

Perform an adiabatic transformationto a flatband basiswith E 11 which leads to

Gauge on oij w o Trap Oja Painvariant
where Po is the projector onto the occupied band

When written in terms of Blockstates

Requires
smooth 0H f ff ifsoitealdg.tk Kostalditas
gauge 5 da Fry in units of e4hfor Mm

We have established that of_end of
first4

This in the case ofmany bands for Landaulevels is the
famous TKNN formula



6 Chern Simons Action

The Hall conductivity appears as

j OHEijEj
The continuity equation dictates the following

EXIT
Of J OH dxEy dyEx

Maxwelleg É FxÉ

If OH8B
Covariant Formulation jM OHEM DNA

consider the ChernSimons action

5 Infdfd:c ApemonAx
of a background gauge field This gives precisely

jm 8Apr
At the quantum level This forces on to be
quantized because a gauge transformation Ap AptOpf
means

2µL EM AndAx EM OntoAyn some gauge
choice

5 S EM'Sdidton If out e eis

When there is obstruction total deriv not nec 0 but
a careful analysis using Euclidean IT leads to quantcand
Integrating out Fermions ofChern insulator coupled to A inlinear
resp leads to CS
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Lecture 3 Topological Insulator continued

0 Recap last lectures

Adiabatic Transport geometric phase

Ingredients Met H X V61 14H17 i i N

561 VA Pf VA SH

Adiabatic evolution operator Uart Pro UHH
PART

geometric U.lt P exp f Andx
A Andy is a connection on a UN bundle

Gauge invariant curvature F dA AnA

Haldane model for Chern Insulators

H Ai
Occupied subspace P la ftfeats64 1 1
V11 symmetry 197 e 141417 aretanf.ded

Berry Connection
e ditide

Ira d de def'd
2d d d



Berry Curvature

Fpv IgE didadjdud.la

First Chern number integral of Faw
c 5,1

A C counts winding of map 8 If airway

B F is the first Chern class 2ⁿᵈ cohomology
class over integers H 5

C Nonzero F necessarily implies monopoles

Quantized Hall conductance through TKNN formula

Fy C

org is quantized to avoid quantum anomalyofChernSimons action

S IfdiadtEmdAndra



1 Obstruction to Mannierization

BE has no boundary so Stoke's theorem failsto work when integrating over all the BE

5 if IF 0

For 22 insulators obstruction is in half the BZ

This means C 0 ATE not smooth

consider BE split into it E
Assmooth

At the boundary between R R

IN e 142S e:X1427
where 147 e its e

The Berry potential is

Ai ta Aifa 821 7

So writing

Oxy IRF Ipf

It ff OR or



fdti.EE In
Ffr

of gauge trans on
boundaryof R

neI because of single valuednessconstraint of wavefunction

If we look at our 2 band model and

État If 8190

when it 0050 0 C 0 This gauge choice
is smooth

When cost c f1,0 C 0 We have a problem

ate 0 0

3 197
1 0 0

9 0

But they represent same point in space multivalued

The other gauge choice

1



has the same problem but at it

You can now see why we cannot define Mannier
functions

1mn i Aca f e threat

3 Determining TPT from Dirac Hamiltonian

Generic Dirac Hamiltonian can be written as

he I titis's fifth
gap massterm

d taxTnr dayTar
i Is M

d 19 712 AyT22

Ey 243 didxdjdydea

zdLMIT.kz TaiTae Mdett

note d taxi layton flaxTie laytas M

By using the identities

11k em e
signim

f do
Ijtf coto Ijtzjsinlftjtijtzj.sn207 Idetitll



8

You can show that

Oxy signM sign det t

any half quantized because continuum is blind
to the lattice which is a regulator

Note etc only if it is a compact manifold

The highenergy fermions from bending of bandscontribute to the other half Oxy spectatorfermions

For the Haldane model gap closing indicating
a transition happen at points k K Near those
points

H Kitta 3120050 It day laxoy

1M
3Bgᵗp fIm

At IMH as trivial insulator fully localized onsites A or B Oxy 0

At M 3Gt sind the gap closes and we go

from Oxy sign M 353tasino to112 1858

Doxy IT which means now Oxy 11 onlattice



So we have the following phase diagram
or

3B Fy 0

p T.it

35312
Oxy 0

4 Gapless chiral edge modes

consider two infinite samples with their interface along
the y direction

Oxy 0 Ey40

Since we know that the mass term is responsible for
a TPT we will model it with some function

mix bounded at
80 I 5 0 as

e.g



H x id ox idyoy Mbc 0

Ansate T logy 9640191

y e
mixida

kly must be a 2 component spinor

Eddy i.oydyd.ly mix iffy Offaly

At E 0 we must impose

iox 0 42

dely Kly I
Then Exly idyZ y is solved

by y eiʰ8Y with E lay

Tony eidgy e dmaids f
1 Localization at domain wall a 0

2 Propagation in y direction chiral



2 The role of symmetry
starting from graphene seminnetal we will see that
by breaking its symmetries we open differenttypes of
gaps

t A eiti.at eiti.az
HE fee eiti.at eiti.at o

two Dirac cones at k 11
H KI ti laxox layoy

Note R and R f E are TR partners

A Inversion Symmetry

I x y fx y
IC A hi B

I CIB I c i A
I did of c in

I HI H H I can a Cea

means

orHIE Ox HEE



B Time Reversal Symmetry

Spinless fermions THE I I 1
HITAti h ox layoy HFK ta

by H a laxox layoy

Note Dirac cone not protected by TRS
or inversion separately

Inversion breaking MOE opens gap of site
but TRS sym 2m

TRS breaking mios term such that
but inv sym

HK f laxoxtkyoytm.dz
H K E laxox ago into

Haldane
mass

Stability of Dirac Nodes

However with both IT no o term allowed
and Dirac cones are protected IT provides local
stability of Dirac cones

In that case K K carry a vorticity
dealt IT which is the Berry phase

If perturbations are large enough Dirac comes can
annihilate each other



sym actually ITCs forces Dirac points to be
fixed Global stability


